In tro duction. These are a few useful inequalities. Most of them are presented in two versions: in sum form and in integral form. More generally they can be viewed as inequalities involving vectors, the sum version applies to vectors in R n and the integral version applies to spaces of functions.
First a few notations and definitions.
Absolute value. The absolute value of x is represen ted |x|.
Norm. Boldface letters line u and v represen t vectors. Their scalar pro duct is represen ted u ·v . In R n the scalar pro duct of u = (a 1 , . . . , a n ) and v = (b 1 The p-norm of u is represen ted u p . If u = (a 1 , a 2 , . . . , a n ) ∈ R n , its p-norm is:
For functions f : [a, b] → R the p-norm is defined:
For p = 2 the norm is called Euclidean.
Convexity. A function f : (a, b) → R is said to be convex if
for every x, y ∈ (a, b), 0 ≤ λ ≤ 1. Graphically , the condition is that for x < t < y the point (t, f (t)) should lie below or on the line connecting the points (x, f (x)) and (y, f (y)). x and Jensen's inequalit y.) The geometric mean of positive numbers is not greater than their arithmetic mean, i.e., if a 1 , a 2 , . . . , a n > 0, then
Equalit y happ ens only for a 1 = · · · = a n . (See also the power means inequalit y.)
2. Arithmetic-Harmonic Mean Inequalit y. The harmonic mean of positive numbers is not greater than their arithmetic mean, i.e., if a 1 , a 2 , . . . , a n > 0, then
Equalit y happ ens only for a 1 = · · · = a n .
This is a particular case of the Power Means Inequalit y.
Cauc hy. (Hölder for
4. Cheb yshev. Let a 1 , a 2 , . . . , a n and b 1 , b 2 , . . . , b n be sequences of real numbers which are monotonic in the same direction (we have a 1 ≤ a 2 ≤ · · · ≤ a n and b 1 ≤ b 2 ≤ · · · ≤ b n , or we could reverse all inequalities.)
5. Geometric-Harmonic Mean Inequalit y. The harmonic mean of positive numbers is not greater than their geometric mean, i.e., if a 1 , a 2 , . . . , a n > 0, then
Equalit y happ ens only for a 1 = · · · = a n . This is a particular case of the Power Means Inequalit y. 11. P ower Means Inequalit y. Let r be a non-zero real number. We define the r -mean or r th power mean of non-negativ e numbers a 1 , . . . , a n as follows: Then for any real numbers r , s such that r < s, the following inequalit y holds: M r (a 1 , . . . , a n ) ≤ M s (a 1 , . . . , a n ) .
Equalit y holds if and only if a 1 = · · · = a n , or s ≤ 0 and a k = 0 for some k. (See weighted power means inequalit y).
12. P ower Means Sub/Sup eradditivit y. We use the definition of r -mean given in subsection 11. Let a 1 , . . . , a n , b 1 , . . . , b n be non-negativ e real numbers.
(1) If r > 1, then the r -mean is subadditive , i.e.:
M r (a 1 + b 1 , . . . , a n + b n ) ≤ M r (a 1 , . . . , a n ) + M r (b 1 , . . . , b n ) . If the numbers are diff eren t, e.g., x 1 < · · · < x n and y 1 < · · · < y n , then the lower bound is attained only for the permutation which reverses the order, i.e. σ (i) = n − i + 1, and the upp er bound is attained only for the identit y, i.e. σ (i) = i, for i = 1, . . . , n.
14. Schur. If x, y, x are positive real numbers and k is a real number such that k ≥ 1, then 16. W eigh ted P ower Means Inequalit y. Let w 1 , . . . , w n be positive real numbers such that w 1 + · · · + w n = 1. Let r be a non-zero real number. We define the r th weighted power mean of non-negativ e numbers a 1 , . . . , a n as follows: . which we call 0th weighted power mean. If w i = 1/n we get the ordinary r th power means.
Then for any real numbers r , s such that r < s, the following inequalit y holds: M r w (a 1 , . . . , a n ) ≤ M s w (a 1 , . . . , a n ) . (If r, s = 0 note convexity of x s/r and recall Jensen's inequalit y.)
